Background: An important issue in prediction modeling of multivariate data is the measure of dependence structure. The use of Pearson's correlation as a dependence measure has several pitfalls and hence application of regression prediction models based on this correlation may not be an appropriate methodology. As an alternative, a copula based methodology for prediction modeling and an algorithm to simulate data are proposed.
Background
Researchers, clinicians, and scientists are increasingly interested in the statistical models that have been designed to predict the occurrence of endpoint events given the diagnostic risk factors. The number and sophistication of cancer risk prediction models have grown rapidly over recent years and some researchers have expressed concerns as to whether they are always appropriately applied, correctly developed and rigorously evaluated. In 2004 the National Institutes of Health sponsored a workshop on Cancer Risk Prediction Models: a Workshop on Development, Evaluation, and Application in Washington D.C., USA. Experts associated with developing, evaluating, or using risk prediction models met to identify the strengths and limitations of cancer and genetic susceptibility prediction models currently in use and under development, in order to explore the methodological issues related to their development, evaluation and validation and also to identify the research priorities and resources needed to advance the field [1] .
In this paper, a basic methodological issue of including the dependence parameter in the prediction model is considered. Pearson's linear correlation coefficient known as correlation is widely applied as a linear dependence measure. However, the correlation has several drawbacks and has a major impact on the accuracy of prediction models [2] . Correlation does not provide a complete description of the dependence structure even when there is a straightline relationship between two random variables. Rather correlation is the canonical measure of the stochastic dependence used with normal (elliptical) distributions and is strongly affected by extreme endpoints. Independence of two random variables implies that they are uncorrelated but zero correlation, in general, does not imply independence unless distributions are multivariate normal. Furthermore, correlation is not invariant under nonlinear strictly increasing transformations of random variables. Nonparametric measures of association like Kendall's rank correlation, Spearman's rank correlation and cstatistic are alternate measures of dependence which are more robust [3] . The kappa statistic is often used to measure the level of agreement when two categorical measurements of the same subjects are available. For an excellent review of dependence measures and their desirable properties, we refer to [2] [3] [4] .
An alternative dependence measure is a copula which overcomes the limitations of correlation as a measure of dependence [5] [6] [7] [8] . Use of copulas is a relatively new concept and has been applied in survival data analysis and actuaries [9, 10] . Copulas are functions that join or couple multivariate distribution functions to their one-dimensional marginal distribution functions. Advantages of using copulas in modeling are (i) allowance to model both linear and non-linear dependence, (ii) arbitrary choice of a marginal distribution and (iii) capable of modeling extreme endpoints. This paper describes the copula-based prediction modeling which can be employed as an alternative to the conventional correlation-based modeling in any multivariate clinical applications including risk-prediction. Implementation of copula based prediction approach is illustrated by analyzing data from patients with aortic regurgitation and corrective surgery [11] .
Methods

Study example
The study example is adapted from an investigation [11] which enrolled 20 patients for isolated aortic regurgitation both before and after surgery and 20 patients for isolated mitral regurgitation. To correct the malfunctioning of the aortic valve, open heart surgery was performed and an artificial valve was sewn into the heart. Data collected were on patient's age, gender, NYHA class (amount of impairment in daily activities), heart rate (beats/minute), systolic blood pressure (mmHG), ejection fraction (fraction of blood in the left ventricle pumped out during a beat), EDVI-volume (ml/m 2 ) of the left ventricle after the heart relaxes adjusted for body surface area (BSA), SVIvolume (ml/m 2 ) of the left ventricle after the blood is pumped out adjusted for BSA, ESVI-volume (ml/m 2 ) of the left ventricle pumped out during one cycle adjusted for BSA; ESVI=EDVI-SVI. These measurements were taken before and after valve replacement surgery. The patients were selected to have left ventricular volume overload, i. e., expanded EDVI. For the purpose of illustration, we have used data on post-operative ejection fraction and pre-operative ejection fraction from 20 patients with aortic regurgitation.
What are copulas?
We denote the cumulative probability distribution of preoperative ejection fraction (X) and post-operative ejection fraction (Y) by H(x, y) and marginal distributions of X and Y by F(x) and G(y) respectively. For uniform random variables U and V defined on [0,1] (by applying probability transforms U = F(X) and V = G(Y) to X and Y), there exists a bivariate copula function C(u, v) such that:
It is shown [2] [3] [4] The two standard non-parametric dependence measures expressed in copula form are:
The dependence measures τ and ρ calculated from the application data are used to estimate the copula parameter. It may be noted that the Pearson's correlation r cannot be expressed in copula form.
A special class of copulas known as Archimedean copulas [12] is defined by From the copulas perspective multi-normal distribution has normal marginals and Gaussian (normal) copula dependence. Non-Gaussian copulas such as t and Archimedean can be used as an underlying dependence structure with any other non-normal marginals. Thus copulas provide flexibility in modeling datasets. Some examples of bivariate Archimedean copulas are given in Table 1 .
Sample versions of measures of dependence can be expressed in terms of empirical copula and corresponding empirical copula frequency function [6] . Otherwise zero.
Simulation of bivariate Archimedean copulas
The following algorithm generates random variables (U, V) whose joint distribution is an Archimedean copula C(u, v) with generator function φ (t).
1. Generate two independent uniform random variables p and q on the interval [0,1].
2. Set t = K C -1 (q) where K c is a copula function C(u, v).
4. Let x = F -1 (u) and y = F -1 (v).
5. Repeat n times steps 1 through 4 to generate n pairs of data (
For implementing the algorithm, we perform the following steps [13] :
A. Kendall's rank correlation τ by the formula:
B. Copula parameter θ from τ .
C. Generator function φ (t).
D. First derivative of the generator function, φ '(t).
E. Inverse of the generator function, φ -1 (t).
F. Copula function .
G. Inverse of copula function K C -1 (t) In case no close form exists, solution is obtained by numerical root finding through the equation .
For ready reference algorithm implementation steps for some commonly applied Archimedean copulas are worked out and are given in Table 2 .
Evaluating copulas
The first step in modeling and simulation is to identify the appropriate copula form. To identify the most appropriate copula for the given application data set (x i , y i ), i = 1,...n, we follow the procedure [3, 7] :
Calculate the non-parametric Kendall's rank correlation τ using the formula in equation (4). 2. Construct an empirical copula function K E (t) as follows:
i. Determine the pseudo observations T i = {Number of(x j <x i ) such that x j ≤ x i and y j ≤ y i }/(n-1).
ii. The empirical copula
In non-mathematical terms, it means that for all pairs of subjects in which the Y-value for a given subject is lower (or higher) than the Y-value of a second subject, for what proportion of X-values does the first subject also have a lower (or higher) value?
3. Construct the Archimedean copula function .
In order to select the Archimedean copula that best fits the application data, we use a probability -plot or choose that copula which minimizes the non-parametric distance measure DM:
For simulating bivariate Archimedean copulas, we refer to [14] . 
Copula
Generator φ (t) Step Clayton Gumbel Frank 
Validating the prediction model
To validate a prediction model, joint assessment of precision and accuracy is required. In [15] , Lin proposed the concordance correlation coefficient to evaluate the agreement (reproducibility) between two sets of observed (y) and predicted (y) data. The concordance correlation is defined as:
where μ y and are means of (y) and ( ), σ y 2 and denote variances of (y) and ( ) and is the population covariance between (y) and ( ). The concordance correlation is a product of precision (correlation between Y and ) and accuracy , where accuracy
The estimation of concordance correlation and its asymptotic sampling distribution are discussed in Lin [15] .
Results
Application
The measurements on pre-operative and post-operative ejection fraction from 20 patients with aortic regurgitation including their ages are given in Table 3 . The exploratory data analysis indicates that both the pre-operative and post-operative ejection fractions: (i) have slight departures from symmetry, (ii) are skewed in left tails (skewness coefficients being -0.3340 and 0.3730, respectively), (iii) have tendency of measurements to cluster less and (iv) have shorter tails (kurtosis coefficients being 0.9680 and -1.2540, respectively). Since both the pre-operative and post-operative measurements show deviations from normal distributions, probability plots for normal, gamma and Weibull distributions were fitted. From the plots, gamma distributions are found to be the best fit since data points clustered mostly around a straight line for the gamma fit. Estimates of parameters of marginal distributions of pre-operative and post-operative measurements are given in Table 3 . Probability plots are graphed in Figure 1 and estimated marginal distributions are given in Figure 2 .
There is an evidence of significant association between the pre-operative and post-operative ejection fractions since the Pearson's correlation coefficient r = 0.6870 (p < 0.0010), Kendall's rank correlation τ = 0.5050 (p < 0.0020) and Spearman's rank correlation ρ = 0.6970 (p < 0.0010).
For predicting the post-operative ejection fraction of a patient after surgery given pre-operative ejection fraction measurement, we have estimated the conventional prediction regression model using correlation coefficient:
Post-operative ejection fraction correlation = -0.0658 + 0.8403 × (Pre-operative ejection fraction); p = 0.0008; 95% confidence interval: (0.3998, 1.2808).
The p-value indicates that the estimated model is useful in predicting the post-operative ejection fraction of a patient given the pre-operative ejection fraction. However, predictions made in the lower range of pre-operative ejection fractions may not be accurate because of the skewness exhibited by data in the left tail. As an alternative a copulabased prediction model is discussed below.
Simulation study
Three copulas of the Archimedean family namely Gumbel, Clayton, Frank and an empirical copula [16] [17] [18] [19] are estimated from the aortic regurgitation patients' data. These copulas are shown in Figure 3 . Values of the nonparametric distance measure DM: Quantile Plots of pre-operative and post-operative ejection fractions Figure 1 Quantile Plots of pre-operative and post-operative ejection fractions. The estimated prediction model and 95% confidence intervals are given in Table 4 . The prediction regression model for the post-operative ejection fraction using Gumbel copula and based on 300 simulations is:
Post-operative ejection fraction copula = -0.0933 + 0.8907 × (Pre-operative ejection fraction); p = 0.00008; 95% confidence interval: (0.4810, 1.3003).
Since patient's age may be an important risk factor, we have included age as another predictor in the model. The estimated parameters of the age-adjusted copula based model and correlation based models are summarized in Table 5 . Both prediction models indicate highly significant predictive power (R-values are 0.7010 and 0.7650 for correlation and copula based models respectively). The regression coefficient of age in both models is not significant (p-values being 0.2120 for correlation model and 0.2610 for copula model).
For comparison, predicted values of the post-operative ejection fractions from both copula and correlation based prediction models and actual data are shown in Figure 4 . The percent absolute prediction errors for the lower preoperative ejection fractions from the copula and correlation methods are given in Table 6 . It is clear from Table 6 that prediction errors due to the copula method are smaller than those based on the correlation method. It is therefore demonstrated that the copula is a more appropriate dependence measure capable of modeling asymmetrical tails whereas correlation is not appropriate to model skewed data.
Further, it may be noted that estimates, standard errors and width of confidence intervals from 50,100,150,200,250 and 300 copula simulations in Table  4 are very close. Thus, the proposed copula based prediction method does not require a large number of simulations to attain consistent estimates.
Validation using bootstrap independent data set
To validate the prediction model we were unable to obtain an independent dataset from the same population. Alternatively we have simulated fifty independent datasets by sampling with replacement from our dataset (bootstrap method). Such an approach is recommended for simulating independent datasets for methodological validation while analyzing small datasets. We found precision coefficient to be 0. Which copula fits the best? Figure 3 Which copula fits the best?. 
Discussion
It is documented [2] [3] [4] that in prediction models the Pearson's linear correlation coefficient is not a complete and accurate description of dependence structure between dependent and predictor variables even when there exists a straight-line relationship between them. An alternative method is to model the dependence structure using copulas which overcomes the limitations of correlation. Copulas are functions that join multivariate distribution functions to their one-dimensional marginal distribution functions. Copulas allow modeling of both linear and non-linear dependence. Through copulas any choice of marginal distribution functions can be used and extreme endpoint distributions can be modeled.
The copula-based approach to prediction modeling in clinical research methodology is described and is illustrated by estimating the prediction model for post-operative ejection fraction given the pre-operative ejection measurements from an aortic regurgitation patients study.
The approach provides flexibility in modeling and simulating datasets because many families of copulas are known to exist in the literature. It may be noted that copula based methodology is general, since it is applicable to model data with discrete, continuous and dichotomous outcomes. However a note of caution is about the evaluation of the method based on a small data set. A more rigorous validation should be based on an independent sample taken from the population.
There appears to be connections of copulas to other nonparametric association statistics like c-statistic which are defined in terms of concordant (C) and discordant (D) pairs. One such relationship between the Gumbel copula parameter and concordant-discordant pairs is shown to exist.
Conclusion
We emphasize that the commonly used Pearson's linear correlation coefficient is not a complete description of dependence structure even when there is a straight-line relationship between two random variables. An alternative copula-based methodology for prediction models in clinical research is described. The proposed copula-based model is capable of modeling the behavior of skewed data whereas correlation model is not appropriate for asymmetrical tails. The main statistical advantage of copulas is in replicating datasets through simulation with any type of marginal distributions.
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